Hyperbolic Shirts fit a 4-body Problem by Jackman, Connor & Meléndez, Josué
HYPERBOLIC SHIRTS FIT A 4-BODY PROBLEM
CONNOR JACKMAN AND JOSUE´ MELE´NDEZ
Abstract. Consider the equal mass planar 4-body problem with
a potential corresponding to an inverse cube force. The Jacobi-
Maupertuis principle reparametrizes the dynamics as geodesics of
a certain metric. We examine the curvature of this geodesic flow
in the reduced space on the collinear and parallelogram invariant
surfaces and derive some dynamical consequences. This proves a
numerical conjecture of [4].
1. Introduction
In [4] it was shown that the reduced Jacobi-Maupertuis metric for
the 4-body and 3-body strong force problems have different curvature
properties. The 3-body metric was shown in [5] to be negatively curved
(except at two points) leading to interesting dynamical consequences.
Yet for N ≥ 4 we found in [4] that this negativity does not hold,
the sectional curvatures of the reduced Jacobi-Maupertuis metric have
mixed signs.
Where then is the curvature negative? Are there any dynamical
consequences? Here we will show that for N = 4 the reduced Jacobi-
Maupertuis metric is negatively curved (except at two points) over the
invariant surfaces corresponding to parallelogram or collinear configu-
rations and derive some dynamical consequences.
2. Notations and Outline of Results
We consider the equal mass (mi = 1) ‘strong force’ planar 4-body
problem with configuration space
q = (q1, q2, q3, q4) ∈ C4\∆
where ∆ = {q : qi = qj for some i 6= j} are the collisions. The dynam-
ics are then governed by the Hamiltonian flow of
H =
1
2
|p|2 − U, ω = <(dp ∧ dq)
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where | · | is the euclidean norm and
U =
∑
i<j
|qi − qj|−2
is a ‘strong force’ potential.
As is standard, due to the translation invariance of H, we consider
solutions in center of mass zero coordinates that is in the invariant
CM0 := {q :
∑
qi = 0}\∆.
Due to the homogeneity of degree −2 of the strong force the virial
identity reads as
I¨ = 4H
where I = |q|2. Hence the energy zero case is the interesting case with
regard to finding periodic motions.
The Jacobi-Maupertuis principle (see [2] pg. 247) states that the
solutions at this fixed energy level H = 0 are upto reparametrazation
geodesics of the metric
(1) Uds2Eucl
restricted to CM0\∆.
Again, due to U ’s homogeneity of degree −2, the metric (1) is in-
variant under complex multiplication so the Hopf map:
piHopf : CM0\∆→ CP 2\P∆
pushes down (1) by submersion to obtain a metric ds2JM on the quo-
tient space which we call the reduced Jacobi-Maupertuis metric (or
JM-metric) on the shape space. See [6], [5], [4] for more on the shape
space.
Remark: In [5] the reduced strong force Jacobi-Maupertuis metrics
are shown to be complete for all N .
Remark: Pushing down by submersion here is equivalent to im-
posing the conditions I˙ = 0 and angular momentum, J , zero (J =∑
j ds
2
Eucl(iqj, q˙j)) on the solutions.
Here we show that the curvature of this ds2JM metric over the totally
geodesic surfaces
P = piHopf (Fix{q 7→ −(q3, q4, q1, q2)}) ∼= S2\{4 points}
and
C = piHopf (Fix{q 7→ q}) ∼= RP 2\RP∆
are non-positive:
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Theorem 1. The curvature of ds2JM over P is negative except at two
points corresponding to the square configurations, where it is zero.
Theorem 2. The curvature of ds2JM over C is strictly negative.
Remark The set P consists of configurations that are parallelograms
(there are two other such parallelogram subspaces corresponding to
different choices of diagonals), and the set C consists of configurations
that are collinear.
Remark We follow the techniques used in [1] to prove Theorem 1.
Note that the surface P is topologically equivalent to a 2-sphere minus
four points, or a shirt. The punctures of the 2-sphere are due to two
binary collisions (q1 = q3 and q2 = q4) and two simultaneous binary
collisions (q1 = q4, q2 = q3, and q1 = q2, q3 = q4). See Figure 1 for a
depiction of P .
Figure 1. The shirt.
A syzygy is a collinear configuration on the equator of P . See Fig-
ure 2. The syzygy map takes a solution and lists its syzygy types in
temporal order. Deleting the stutters makes this map well defined on
free homotopy clases (see [5] §2 pgs. 3-6).
Theorem 1 implies the following: (in the same way as [5])
Theorem 3. The syzygy map from bounded parallelogram solutions to
syzygy sequences is a bijection between the set of collision-free solutions,
modulo symmetry and time-translation, and the set of bi-infinite non-
stuttering collision-free syzygy sequences, modulo shift.
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m1 m2 m4 m3
m1 m4 m2 m3
m4 m1 m3 m2
m4 m3 m1 m2
Figure 2. The four syzygy types on P .
Remark The surface C consists of 12 invariant open disks, each disk
corresponding to an ordering of the masses on the line (mod reflections).
If one restricts attention to the closure of one of these invariant disks,
T ⊂ C (such as {q : q1 ≤ q2 ≤ q3 ≤ q4}), we prove here that:
Theorem 4. Let p, q ∈ ∂T\{ the two triple collision points } be two
distinct points. Then there exists a unique solution, γ(t) such that
ω(γ) = p and α(γ) = q.
Open Questions Do analogous results above hold for unequal
masses? For N > 4? Does Theorem 4 hold when p and q are triple
collisions? Does Theorem 3 hold for collision syzygy sequences? See
Figures 7, 8 for some collision orbits with matching syzygy sequences
(giving some numerical evidence that the syzygy map is not 1-1 on
collision orbits). Are there any solutions besides the rectangulars and
rhomboids which have finite syzygy sequences?
3. Proof of Theorems
Proof of Thm. 1: Consider the symmetry of the problem: q1 = −q3
and q2 = −q4. In this case the (negative) potential function has the
following form
(2) U =
2
r212
+
2
r214
+
1
r213
+
1
r224
.
Next we take the quotient by rotations. As in [3], consider Jacobi’s
coordinates and the Hopf map:
(q1, q2, q3, q4) 7→ (q2 − q1,−q2 − q1) =: (z1, z2) ∈ C2,
(z1, z2) 7→
Ç
1
2
Ä|z1|2 − |z2|2ä , z¯1z2å =: (u1, u2, u3) ∈ R3.
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Using the above formulas, it is immediate to see that ([6, Theorem 1])
I = |z1|2 + |z2|2 = 2
»
u21 + u
2
2 + u
2
3, I = constant.
The following Lemma describes the relation between points of P and
the mutual distances rij (see [3]):
Lemma 3. To u = (u1, u2, u3) ∈ P, we have
(1) r212 = |z1|2 = I2 + u1,
(2) r214 = |z2|2 = I2 − u1,
(3) r213 = |z1 + z2|2 = I + 2u2,
(4) r224 = |z1 − z2|2 = I − 2u2.
In particular, observe that u1 = 0 if and only if the configuration is a
rhombus, and u2 = 0 if and only if the configuration is a rectangle. So,
we have that on the north or south pole the configuration is a square.
We will use the following Lemma in our computations:
Lemma 4. Let a surface be endowed with conformally related metrics
ds2 and ds2 = Uds2. Then their curvatures K and K are related by
UK = K − 1
2
∆ logU
where the Laplacian ∆ is with respect to the ds2 metric.
From equation (2) and Lemma 3, the potential can be written as
(5)
U(u1, u2) =
4
I + 2u1
+
4
I − 2u1 +
1
I + 2u2
+
1
I − 2u2 , I = constant.
Taking I = 2, we have u21 + u
2
2 + u
2
3 = 1. As in [1], we use the stereo-
graphic projection from north pole (0, 0, 1) given by
(6) x =
u1
1− u3 , y =
u2
1− u3 ,
we obtain U(x, y) = (x2 + y2 + 1)f(x, y), where
f(x, y) =
2
(x+ 1)2 + y2
+
2
(x− 1)2 + y2+
1
2(x2 + (y + 1)2)
+
1
2(x2 + (y − 1)2) .
We can also write the Jacobi-Maupertuis metric on the shape sphere
as
(7) ds2JM =
4U(x, y)
(x2 + y2 + 1)2
(dx2 + dy2) =
4f(x, y)
x2 + y2 + 1
(dx2 + dy2).
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Write λ(x, y) = 4f(x,y)
x2+y2+1
. By Lemma 4, the Gaussian curvature of ds2JM
is given by
(8) K(x, y) = − 1
2λ(x, y)
∆ log λ(x, y).
By a direct calculation we have
(9) ∆ log λ(x, y) =
256(x2 + y2)
[5 + 5x4 − 6y2 + 5y4 + 2x2(3 + 5y2)]2 .
Note that ∆ log λ(x, y) ≥ 0, and ∆ log λ(x, y) = 0 if and only if
x = y = 0. Therefore we conclude that K is negative except at the
points corresponding to the square configurations. 
Figure 3. Graph of the Gaussian curvature K(x, y) of
the surface P corresponding to configurations that are
parallelograms.
Remark As in [5], we consider the Gaussian curvature of P around
the (simultaneous) binary collisions. In the same way as [1], from
equations (8) and (9), we obtain
lim
(x,y)→C
K(x, y) = 0,
where C is some (simultaneous) binary collision, see Figure 3. It follows
that the ends are asymptotic to Euclidean cylinders. In fact, if Kij is
the radius of the Euclidean cylinder when we approach the ij end, we
have that (see [5, eq. 3.16] for explicit computations)
K13 = K24 =
1√
2
, (binary collisions),
and
K12 = K14 = 1, (simultaneous binary collisions).
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Proof of Thm. 2:
Restricting to the totally geodesic collinear configurations amounts
to reducing the metric
U |R3ds2Eucl
by dilations which is equivalent to restricting to the sphere I = 1.
That is in the usual spherical coordinates (I = ρ2) we wish to com-
pute the curvature, KC , of
UI(dφ2 + cos2 φdθ2).
We set u = UI = U |S2 .
We have the standard Lemma 4 (via say isothermal coordinates):
uKC = 1− 1
2
∆S2 log u
where ∆S2 is the Laplacian on the sphere.
As we have:
∆S2 log u = (∆ log ρ
2U)|S2 = (∆ logU)|S2 + 2
where ∆ is the standard Euclidean Laplacian, we find that KC < 0 is
equivalent to (∆ logU)|S2 > 0.
So it suffices to show that ∆ logU > 0 as we do now:
Take the coordinates:
2ξ1 = q1 − q2 − q3 + q4, 2ξ2 = q1 − q2 + q3 − q4,
2ξ3 = q1 + q2 − q3 − q4
where we have
U =
∑
1≤i<j≤3
1
(ξi − ξj)2 +
1
(ξi + ξj)2
.
And introducing the notations
s−1ij = ξi + ξj, r
−1
ij = ξi − ξj
kxij = s
k
ij + r
k
ij = (ξ1 + ξj)
−k + (ξi − ξj)−k,
we find (with ∂i =
∂
∂ξi
and for 1 ≤ i, j ≤ 3):
U =
∑
i<j
2xij
∂2i U = 6
∑
j 6=i
4xij
∂iU = −2
∑
j 6=i
3xij.
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Now by setting f(x, y) = 3x2 + 3y2 − 4xy = x2 + y2 + 2(x− y)2 > 0
(for (x, y) 6= (0, 0)) and using
U2∂2i logU = U∂
2
i U − (∂iU)2
one computes:
U2∂21 logU = 2(
6x12 +
6 x13 + s
2
12r
2
12f(s12, r12) + s
2
13r
2
13f(s13, r13))+
2(s212s
2
13f(s12, s13)+s
2
12r
2
13f(s12, r13)+s
2
13r
2
12f(s13, r12)+r
2
12r
2
13f(r12, r13))+
2x23
4x12 +
2 x23
4x13
which is a sum of positive terms and likewise for ∂22 logU, ∂
2
3 logU so
that ∆ logU > 0. 
Proof of Thm 4:
After the spherical projection
u =
ξ1 + ξ2
1− ξ3 , v =
ξ1 − ξ2
1− ξ3
our metric U(
∑
dξ2i )|S2 becomes λ2 (du2 + dv2) with:
λ =
1
u2
+
1
v2
+
16
((u− 1)2 + (v − 1)2 − 4)2+
16
((u+ 1)2 + (v + 1)2 − 4)2+
16
((u+ 1)2 + (v − 1)2 − 4)2+
16
((u− 1)2 + (v + 1)2 − 4)2 .
We focus on the invariant region T (see Figure 4) corresponding to
the ordering q1 ≤ q2 ≤ q3 ≤ q4. Here the boundary in u, v coordinates
translates to:
u = 0 ⇐⇒ q1 = q2
v = 0 ⇐⇒ q3 = q4
w = (u− 1)2 + (v − 1)2 − 4 = 0 ⇐⇒ q2 = q3.
Near a binary collision point (for example near q1 = q2 i.e. in a
region 0 < u << 1 and v, w ≥ δ > 0) the metric takes the form
(10) (
1
2u2
+O(1))(du2 + dv2).
Near the simultaneous binary collision, i.e. in the region 0 < u, v <<
1, through the change of variable u+ iv = z 7→ z2, the metric takes the
same form as eq. 10.
We fix our attention to unit speed geodesics and note that by eq.
10 above if a geodesic γ passes sufficiently close to the boundary it
behaves as a geodesic in the hyperbolic plane, for instance we must
have α(γ) ∩ ∂T be a point, see Figure 5 and the appendix.
HYPERBOLIC SHIRTS FIT A 4-BODY PROBLEM 9
T
u
v
Figure 4. The region T we are focusing on in u, v
coordinates. Binary collisions are blue. The equators of
the shirts are shown in green.
u = 0
Figure 5. Sufficiently near the boundary geodesics be-
have as in the upper half plane. See the Appendix for
details.
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Now fix some q ∈ ∂T\{ triple collisions} and p ∈ ∂T\{q}. We first
show the existence of a geodesic from p to q.
Near q (by eq. 10) we have that every geodesic beginning in a neigh-
borhood of p with α(γ) = q intersects some compact set I, see Figure
6.
I
q p
Figure 6. The compact set I. See the Appendix for details.
Now take a sequence of points qi ∈ T o with qi → q and a sequence of
points pi ∈ T o with pi → p. Let γi be the geodesic from pi to qi. Then
for i large enough all such geodesics intersect I in some point xi = γi(ti).
Let vi = γ˙i(ti). Now due to the compactness, (xi, vi)→ (x, v) ∈ I ×R2
and the geodesic with this initial condition γ(x,v) goes from p to q.
For uniqueness, we note that when we have both p, q ∈ ∂T\{ triple
collisions } then the angles at the boundary between any two geodesics
from p to q are zero (see appendix). So if there were two such geodesics
bounding a region R, the Gauss-Bonnet theorem yields
2pi =
∫
R
K dA+
∫
∂R
κg ds =
∫
R
KdA+ pi + pi.
Which is impossible by the negative curvature. Hence in this case such
a geodesic is unique. 
Remark Due to the covering of the exponential map, every geo-
desic passes sufficiently close to the boundary and hence is character-
ized uniquely by the points α(γ), ω(γ) (except possibly for geodesics
beginning or ending in triple collision). The dynamics here on C are
an attractive case of the integrable Calogero-Moser system.
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-4 -2 2 4
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2
4
Figure 7. A distinct collision solution seen from the
(x, y)-plane (on the left) and in the shape sphere (on the
right). In this case the collisions are simultaneous binary
collisions.
Appendix A. On a metric of the form of eq. 10
Consider geodesics of the metric
(
1
y2
+ f(x, y))(dx2 + dy2) =
φ
y2
(dx2 + dy2)
on the upper half plane z = x + iy, y > 0. Where φ, 1
φ
∈ O(1),
φx ∈ O(y2) and φy ∈ O(y) as y → 0. We recast in Hamiltonian form,
that is with
H =
y2
2φ
(p2x + p
2
y)
and the equations of motion for H = 1 (so ypx, ypy ∈ O(1)) read:
x˙ =
y2
φ
px, y˙ =
y2
φ
py,
p˙x =
φx
φ
, p˙y = −2
y
+
φy
φ
.
In particular for y sufficiently small we have p˙y < 0 so that if we enter
such a sufficiently near region of the boundary (py(0) < 0⇒ py(t) < 0)
then y˙ < 0 and y → 0 as t → ∞ (see Figure 5). Moreover near the
boundary we may parametrize geodesics by y as they approach or leave
the boundary.
Parametrizing now by y and letting ′ denote d
dy
we have:
pyp
′
y = −
2
y3
+O(
1
y
)⇒ p2y =
1
y2
+O(log y) + cy
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Figure 8. Solutions with collision seen from the (x, y)-
plane. Note that all these solutions pass through a square
configuration, corresponding to the south pole in the
shape sphere.
and
p′x = O(
1
py
) = O(y)⇒ px = O(y2) + cx
in particular, py →∞ and px → cx as y → 0 so that θ = arctan(y˙/x˙) =
arctan(py/px) → pi/2 i.e. all orbits intersect the boundary perpendic-
ularly.
Take an ε small enough so that the above observations hold over
y ≤ ε.
Now we direct our attention towards establishing Figure 6.
We reparametrize by y, to obtain
|dx
dy
| = |px
py
| = y|px|»
1 + y2O(log(y)) + cyy2
=
y|px|
1 +O(y)
.
HYPERBOLIC SHIRTS FIT A 4-BODY PROBLEM 13
In particular as px = O(y
2) + cx, any orbit entering y ≤ ε with an
initial px(ε) = δ at the instant y = ε has
|px| ≤ δ +O(ε2)
over the rest of it’s fall so that
|x′| ≤ c1y(δ +O(ε2))
and
|x(ε)− x(y)| ≤ c1ε2δ +O(ε4)
for some constant c1.
Moreover by energy conservation, H = 1, we have δ = |px(ε)| ≤
√
2φ
ε
,
so that
δ ≤ c2
ε
for some constant c2.
Hence any geodesic entering y ≤ ε at x(ε) + iε will hit the boundary
at a point x(0) with
|x(ε)− x(0)| ≤ cε
for some constant c. Likewise if we reverse the time a geodesic leaving
the region y ≤ ε at x(ε) + iε will have come from a boundary point
x(0) = x(ε) +O(ε).
Divide those geodesics coming into q into two classes:
1. Those that do not intersect y = ε,
2. Those that intersect y = ε.
For the geodesics of class 1, we have by p˙y < 0 that there is a unique
maximum attained at y = M < ε. Now our estimates above imply we
intersect the boundary again a distance at most 2cM < 2cε from q.
Consider geodesics of class 2 intersecting y = ε at q+x(ε)+iε. Then
by the above, once |x(ε)| > cε such a geodesic cannot reach q, hence all
such geodesics of class 2 intersect the compact set {q + x+ iy : −cε ≤
x ≤ cε, y = ε}.
In particular we can establish Figure 8 by choosing ε small enough
that p does not lie within cε of q.
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